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Pabora nocpsiiieHa U3yuyeHuIo MoJIeel KydH 1ecKa — OTKPBIThIX HEJIMHEHHBIX
CUCTEM, JEMOHCTPUPYIOIINX BOSHUKHOBEHHE JJABHHOOOPA3HOTO Pa3BUBAIOIIETOCS OTKIMKA
Ha €IMHUYHOE BO3MYILIEHUE YCTOMUUBOrO cocTOAHUA. [1o1poOHO paccMOTpeHBI MATh
Han0OoJIee U3BECTHBIX BAPUAHTOB MIPABHII B ABYMEPHON MOCTAHOBKE — MOJICITH
Hxapa—PamacBamu, [Tactop-CaToppaca—Becnunbsinu, @enepoB, MaHHbI 1
baka-Tanra—Busendenna.

Jl1st mepBBIX YeThIpEX MOIesieil ObLTM N3BECTHBI AaHAIUTUYECKUE PEIICHNUS,
MIOJIy4YE€HHBIE Pa3IMYHBIMU CIIOCOOAMM, a AJIs MSATON — PUUNHBIL, IPETSITCTBOBABLINE
noctpoeHuto pemeHus. O000IIeHne 3TUX PE3yIbTaTOB MO3BOJISIET BRIPA00OTATh €IUHBII
MOJIXO0J] K TEOPETHUECKOMY HCCIIEIOBAaHUIO CAMOOPTaHU30BAHHO-KPUTUYECKUX SBJICHUH.

CaMoopranuzanys B KpUTHYECKOE COCTOSIHUE TPUBOIUT K BOSHUKHOBEHHIO
MacIITaOHO-WHBAPHAHTHBIX CBOMCTB, CTATUCTUYECKOE OMMCAHUE KOTOPBIX B OOIIEM CiIydae
HE MOKeT OBbITh JaHO Ha OCHOBE MPaBUJI U3yYaeMbIX Mozenel. Mexay JIoKaabHbIM
MOBEJCHUEM UX 3JIEMEHTOB HA MUKPOYPOBHE U IIEJIOCTHBIM IOBEICHUEM BCEH CUCTEMBI Ha
MaKpOYpOBHE MTOCPEAHUYAIOT MOJIENN TPOMEKYTOUHOT0 YpoBHs. VX rpaBuiia He BBIBOJSTCS
13 IPaBWJI UCXOAHBIX MOAENeH, a GopMyIupyIOTCst HA OCHOBE (PU3NYECKON HHTYUINH,
PE3yJIbTaTOB KOMITBIOTEPHOT'O SKCIIEPUMEHTA U OOUIMX MPEICTaBICHUN O JUHAMHYECKUX
nporeccax, yaepKUBAIOIUX CUCTeMY BOJIM3U KpUTHUECKO# Touku. Ha mpomexxyTouHoM
YPOBHE KOJUUIEKTUBHAS TMHAMMKA BCEX PACCMOTPEHHBIX MOJIENIEH CBEJIEHA K IPUBBIYHBIM IS
MaTeMaTHYeCKON (PU3UKHU IIpoLieccaMm, B IEPBYIO OYEPEb — K HECUMMETPUIHOMY
ciy4aifHoMy Onyknanuto. Ha 9Toit ocHOBe MpeIioxKeHbl CXOAHbIE METOAUKHU PEIICHHUS
Mozelel, mpuaeMm moaens bTB peniena Bnepssie.

g paccMaTpuBaeMbIX MOJENIEH aHAIMTUYECKH ONIPEENIEHBI BCE KPUTUYECKHE
MHJIEKCHI, HA OCHOBE Yero MpOoaHaJIu3UPOBAHO BIMSIHHUE OCOOCHHOCTEH MpaBuiI Mojeel Ha
ux o0ImIMe CBONCTBA.

Baxxneiiiiel nqetanbro IpaBuil SIBISIETCS UX CTOXACTUYHOCTD WM
JETEPMUHUPOBAHHOCTD. [lepBast yBenMunBaeT KOJINYECTBO XapaKTEPUCTUK JIaBUHBI,
pa3inyaroluXxcs M0 CBOWCTBAaM, a BTOpasi IOMOTraeT KpYIHbIM JJaBUHAM [TOMENIaThCs B
CUCTEMY KOHEUHOT'0 pa3Mepa U MPUBOJUT K BOSHUKHOBEHHIO Y CUCTEMBI KaK y 1I€JI0T0
JTUHAMUYECKUX CUMMETPHUH, OTCYTCTBYIOUIMX HAa YPOBHE MPABUJI OBEACHUS €€ OTJACIbHBIX
3JIEMEHTOB.



Kniouesvie cnosa: CaMoOOpraHM30BaHHAs! KPUTHYHOCTD, MOJIENIH Ky4H IIECKa, MacIuTaOHast
MHBAPUAHTHOCTD, CTCIICHHBIEC PACIIPENCICHUs, KOHEYHO-PA3MEPHBIN CKEUIIUHT, MOJEIIH
MIPOMEXYTOUHOTO YPOBHS, CiIy4aiiHble Oy AaHUs, CHOHTaHHAs! aHU30TPOIIHUS,
JUHAMUYECKHE CUMMETPHUHU.
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I consider sandpile models being open nonlinear systems demonstrating the
phenomenon of avalanche-like response to a single disturbance of steady state. I study
thoroughly the five most known variants of the two-dimensional rules referred as the models
of Dhar—Ramaswamy, Pastor-Satorras—Vespignani, Feder—Feder, Manna and
Bak—Tang—Wiesenfeld. The analytical solutions obtained in various ways are known for the
first four models and the reasons preventing the construction of a solution are known for the
fifth one. The generalization of these results allows to develop a common approach to the
theoretical study of self-organized critical phenomena.

Self-organization into the critical state gives rise to the scale-invariant properties.
Theirs statistical description can not be generally obtained on the basis of the models’ rules.
Intermediate level models mediates between the microlevel of the elements local behavior
and the macrolevel of the entire system behavior. The rules of these models are not derived
from the rules of original models, but are formulated on the ground of physical intuition,
computer simulation results and common understanding of the dynamic processes that hold
the system near the critical point.

The collective dynamics of all of the models is reduced at the intermediate level to the
processes familiar to mathematical physics, the first of them are asymmetric random walks.
On this basis, I propose uniform methods of solution of models. The BTW model is solved
for the first time.

All the critical indices are analytically calculated for the models considered. The
influence of the rules features of models on their common properties is analysed on theses
ground.



The most important for the rules is the aspect whether they are stochastic or
deterministic. The former increases the number of avalanche characteristics with different
properties, and the later helps large avalanches fit into a finite-size system and results in the
system as a whole obtaining dynamic symmetries absent at the level of elements behaviour
rules.
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